Hardy spaces associated with Schrodinger 
operators on the Heisenberg group 

Chin-Cheng Lin*''', Heping Liu*, and Yu Liu 



Abstract 

Let L — -Ah» + V be a Schrodinger operator on the Heisenberg group H™, where 
Am" is the sub-Laplacian and the nonnegative potential V belongs to the reverse 
Holder class Bq and Q is the homogeneous dimension of HP. The Riesz transforms 

2 

associated with the Schrodinger operator L are bounded from L 1 (H") to L 1,00 (H"). 
The L 1 integrability of the Riesz transforms associated with L characterizes a certain 
Hardy type space denoted by i/£(H") which is larger than the usual Hardy space 
H 1 (M n ). We define H^W 1 ) in terms of the maximal function with respect to the 
semigroup {e~ sL : s > 0}, and give the atomic decomposition of iJ^(H"). As 
an application of the atomic decomposition theorem, we prove that Hj j (W n ) can be 
characterized by the Riesz transforms associated with L. All results hold for stratified 
groups as well. 
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1 Introduction 

The Schrodinger operators with a potential satisfying the reverse Holder inequality have 
been studied by various authors. Some basic results on the Euclidean spaces were estab- 
lished by Fefferman [5], Shen|18j. and Zhong [20) . The extension to a more general setting 
was given by Lu |15] and Li [13] . In this article we consider the Schrodinger operator 
L = -Ah« + V on the Heisenberg group HP, where Au" is the sub-Laplacian and the 
nonnegative potential V belongs to the reverse Holder class B q ,q > %. Here Q is the 
homogeneous dimension of HP. Let Rj = XjL^i, j = 1, • • ■ , 2n, be the Riesz transforms 
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associated with the Schrodinger operator L, where -XVs are left-invariant vector fields gen- 
erating the Lie algebra of HP 1 . If q > Q, Rj are Calderon-Zygmund operators (cf. [15])- 
When % < q < Q, Rf are bounded on L p (M n ) for 1 < p < $L ( c f. [13J). I n the current 
paper, we prove, by providing a counterexample, that the above estimate of the range of 
p is sharp. 

It is well known that Rj might not be Calderon-Zygmund operators. However, these 
operators Rj do observe some boundedness conditions: they are bounded from L 1 (H n ) 
to L 1 ' 00 (H n ) (see Theorem [2] below), and bounded from iT^EF 1 ) to L 1 (H n ) (see Remark 
[6] below). We should remark that, unlike the classical case, the conditions / € L 1 (H n ) 
and Rff e L^W 1 ) {j = 1, • • • , 2n) do not ensure / € if 1 (HP). In view of these new 
complication, we will introduce the notion of the Hardy space H^W 1 ) associated with L 
in terms of the maximal function with respect to the semigroup {e~ sL : s > 0}. The atomic 
decomposition of H^(H. n ) will be given and, as an application, we prove that H^(W n ) can 
be characterized by the Riesz transforms Rj associated with the Schrodinger operator L. 
We also remark that the Heisenberg group is a typical case of stratified groups. Our all 
results can be established for stratified groups by the same arguments. 

The current work is inspired by the pioneering work of Dziubafiski and Zienkiewicz [JJ , 
in which the Hardy space associated with the Schrodinger operator on the Euclidean spaces 
was studied. Equipped with some enhanced technique, we will establish some extended 
results in the setting of the Heisenberg group. For example, we give some descriptions 
of kernels (Section 3) and develop the theory of local Hardy spaces (Section 4). The 
corresponding results to these on Euclidean spaces have been already known. On Euclidean 
spaces the local Riesz transforms characterization of local Hardy spaces is obtained via 
subharmonicity (cf. [9]). However, this kind of approach fails on the Heisenberg group as 
pointed out in [2], so we have to develop a new method. Our approach is to decompose 
a function / = / + (/ — /) such that / is in the local Hardy space /i 1 (IH n ) and the Riesz 
transforms of (/ — /) are controlled by the local Riesz transforms of /. We then can use 
the Riesz transforms characterization of Hardy space H 1 on stratified groups given by 
Christ and Geller (cf. [2]). We establish the atomic decomposition theorem for general 
-ff^-atoms rather than i^'°°-atoms as in [3J, because it is more convenient to study the 
dual space of Hj^iW 1 ), which will be dealt with in the forthcoming paper [TJJ. We also 
prove the weak (1, 1) boundedness of Riesz transforms Rj, which is useful to establish the 
H\ — L 1 boundedness of Rj. 

This article is organized as follows. In Section 2, we set notations and state our main 
results. In Section 3 we give estimates of kernels of the semigroup {e~ sL : s > 0} and 
the Riesz transforms, which will be used in the sequel. Most proofs in this section are 
inspired from [3] and |18j : however, they are new in our setting. In Section 4 we discuss 
local Hardy spaces /i 1 (H n ). Note that an iJ^-function is locally equal to a function in 
a certain scaled local Hardy space. Specifically, Hj j (M n ) coincides with the local Hardy 
space /i^H") if there exists a positive number C such that i < V < C (see Remark 
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[5] below). In Section 5 we establish the atomic decomposition of H^(M n ). Section 6 is 
devoted to the Riesz transforms Rj. We prove that Rj are bounded from L 1 (EI n ) to 
L 1,0O (E[ n ), and they characterize -ffj^HP). The counterexample mentioned above is also 
given in Section 6. Finally, we include in Section 7 a brief discussion the corresponding 
results for stratified groups without proofs. 

Throughout this article, we will use C to denote a positive constant, which is indepen- 
dent of main parameters and not necessarily the same at each occurrence. By A ~ B, we 
mean that there exists a constant C > 1 such that ^ < < C . Moreover, we denote the 
conjugate exponent of q > 1 by q' = q/(q — 1). 



2 Notations and main results 



We recall some basic facts on the Heisenberg group, which are easily found in many 
references. The (2n+l)-dimensional Heisenberg group HP is the Lie group with underlying 
manifold R 2 ™ x R and multiplication 

n 

(x,t){y,s) = (x + y, t + s + 2^2(x n+j yj -Xjy n+j )). 

A basis for the Lie algebra of left-invariant vector fields on HI™ is given by 

^2n + i = |, X j = A + 2a;n+i |, Xn+j = -^--2x~, J = 1, -..,„. 

All non-trivial commutators are [Xj, X n+ j] = —4X2 n +i, J ' = 1, • • • ,n. The sub-Laplacian 
Ah" and the gradient Vh™ are defined respectively by 

2n 

A H ™ = ^ x j and V BI™ = (-Xi, • • • , X 2n )- 

The dilations on M n have the form 

S r (x,t) = (rx,r 2 t), r > 0. 

The Haar measure on HP coincides with the Lebesgue measure on M? n x R. The measure 
of any measurable set E is denoted by \E\. We define a homogeneous norm on HP by 

\g\ =(|x| 4 + |t| 2 )3, g = (x,t)eE n . 

This norm satisfies the triangle inequality and leads to a left-invariant distance d(g, h) = 
\g~ 1 h\. Then the ball of radius r centered at g is given by 

B(g,r) = {h G M n : \g~ 1 h\ < r}. 
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There is a positive constant b\ such that 

\B(g,r)\ =hr Q 

where Q = 2n + 2 is the homogeneous dimension of EP. Exactly, 

27r n+ 5r(f) 



bi = -8(0,1) 



(n + i)r(n)r( 



n+l ■ 



but it is not important for us. 

Now we turn to the Schrodinger operator 

L = -A H n + V. 

A nonnegative locally L q integrable function V on HP is said to belong to B q (1 < q < oo) 
if there exists C > such that the reverse Holder inequality 

i 



\B 

holds for every ball B in EI n . Obviously, B Qi C B q ^ if q 1 > q 2 . But it is important that 
the B q class has a property of "self improvement"; that is, if V € B q , then V € -Bg+e for 
some e > 0. In this article we always assume that ^ V € £>q and then V € -E><j for 

some q > ®. Of course we may assume that q < Q. 

Let {T s : s > 0} = { e sAnn : s > 0} be the heat semigroup with the convolution 
kernel H s (g). The heat kernel H s (g) satisfies the estimate 

(1) < H s {g) < Cs^e-^lsl 2 , 

where Aq is a positive constant (cf. [II])- An explicit expression of H s {g) in terms 
of the Fourier transform with respect to central variable was given by Hulanicki 

Because V > and V E L^ c (EI n ), the Schrodinger operator L generates a (Co) contraction 
semigroup {T S L : s > 0} = {e~ sL : s > 0}. Let ^(g, /i) denote the kernel of T S L . By the 
Trotter product formula (cf. [10J), 

(2) < K^(g, h) < H s (g, h) = H s {h- l g). 

Let us consider the maximal functions with respect to the semigroups {T s : s > 0} 
and {Tg : s > 0} defined by 

Mf(g) = sup\T a f(g)\, 
M L f(g) = S up\T s L f(g)\. 

It is well known that the maximal function Mf characterizes the Hardy space H 1 (M n ); 
that is, / G iJ 1 (M n ) if and only if Mf G L 1 (H n ), and ||/|| Hl ~ ||M/|| Ll (cf. [7]). 

We define the Hardy space H^(M n ) associated with the Schrodinger operator L as 
follows. 
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Definition 1. A function / € L 1 (BI n ) is said to be in H\{W l ) if the maximal function 
M L f belongs to L 1 (EI n ). The norm of such a function is defined by ||/||^i — II^^/IIl 1 ■ 

It is visible from ([2]) that the space H^M 71 ) is larger than the usual Hardy space 
// 1 (H n ). This fact will be seen from the atomic decompositions of -£/^(HI n ). 

We define the auxiliary function p(g, V) = p(g) by 



p{g) = sup { r : / V(h)dh<l\, g£ 



B(g,r) 

This kind of auxiliary function was introduced by Shen in [T7] for the potential V satisfying 
maXjgB < J B V(x)dx. Properties of the auxiliary function p(g,V) are given by 
Shen [18] on Euclidean spaces and by Lu [15] on homogeneous spaces (their auxiliary 
function m(g, V) = p ^y^ i n practice). It is known that < p(g) < oo for any g € HP 
(from Lemma [5] in Section 3). 

Definition 2. Let 1 < q < oo. A function a G L q (M n ) is called an H^' q -atom if the 
following conditions hold: 



i — — l 



(i) suppa C B(g ,r), 

(ii) ||a|| Lg < \B(g ,r) 
(hi) if r < p(g ), then / a(g) dg = 0. 

JB(g ,r) 



Theorem 1. Let f G L 1 (M n ) and 1 < q < oo. Then f E -H"i(H n ) if arc<i only i/ / can be 
written as f = where aj are H^ q -atoms, Y2j < °°' an d the sum converges 

in H^IF 1 ) norm. Moreover, 



l/Li~ inf {Ei A 4' 



where the infimum is taken over all atomic decompositions of f into H l £ q -atoms. 

The Riesz transforms R^ associated with the Schrodinger operator L are defined by 
Rf = X j L-t, j = l,---,2n. 

As pointed out at the beginning, Rj are bounded on L p (EI n ) for 1 < p < p where 
— = — — 7j . A counterexample will be given in Section 6 to show that the above range 
of p is optimal. For p = 1, we have the following weak type estimate. 

Theorem 2. The Riesz transforms Rf are bounded from L 1 (H n ) to L 1 ' OD (M n ). 
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The Riesz transforms Rj are also bounded from ff 1 (H n ) to L^IHP 1 ) (see Remark [6] 
below). However, these operators do not characterize the usual Hardy space /^(IHP 1 ). 
They characterize H^(M n ) which is larger than H 1 (M n ). 

Theorem 3. A function f G i?£(H n ) if and only if f G L 1 (M n ) and Rff G i^QHP), j = 
1, • • • , 2n. Moreover, 

2n 

ll/Li-ll/L+EII^/IL- 

The proof of Theorem [1] will be given at the end of Section 5, while the proofs of 
Theorems [2] and [3] will be given in Section 6. 



3 Estimates of the kernels 

In this section we give some estimates of kernels of the semigroup {T^} and the Riesz 
transforms Rj, which will be used in the sequel. The proofs of Lemmas 161 — l~9l will closely 



follow the arguments on W 1 as presented by Shen in |18j . First we collect some basic facts 
about the potential V satisfying the reverse Holder inequality. We assume that V G B q(j 
for some q > ^. We may add a restriction that q < Q when necessary. In this case, we 

assume the relation — = — — i. 

Po % Q 

Lemma 1. The measure V(h)dh satisfies the doubling condition; that is, there exists 
C > such that 



V{h) dh<C V(h) dh 

B(g,2r) J B{g,r) 



for all balls B(g,r) in HP. 
Lemma 2. For < r < R < oo, 



V(h)dh<C[-\ -bo-2 V(h)dh. 

r*-*JB(s,,r) \ R J RQ ~ 2 JB(g,R) 

Lemma 3. If r = p(g), then 

zrsf v(h)dh = i. 

Moreover, 



B(g,r) 



V(h) dh ~ 1 if and only if r ~ p(g)- 
B{g,r) 



Lemma 4. There exists Iq > such that, for any g and h in 
If Ih^gW' 10 p(h) V \hr x g\ 



C\ p(g) J p(g) V P(g) 

In particular, p(h) ~ p(g) if \h~ 1 g\ < C p(g). 
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Lemma 5. There exists l\ > such that, for any g G HP, 

/ U^U-2 dh <l^-2 f V(h)dh<c(l + ^-) h . 

JB{g,R)\h 1 g\ Q 1 R Q 2 JB(g,R) V P\9) J 

For the proofs of Lemmas [U-|5j we refer readers to [15] . 

Now we turn to the estimates of kernels. Let T(g, h, r) denote the fundamental solution 
for the operator — Aen + ir, where r £ R. For any I > 0, there exists Ci > such that 

(3) \T(g,h,T)\ < () 1 



(4) |v H » lS r( 5 ,^r)| < 



{l + lh-igWT^lh- 1 ^- 21 
Ci 1 



;i+|/ l - 1 5 ||r|2) 



W \h- l q\Q-^ 



where Vm n ,g denote the gradient for variable g. The estimate @ still holds for Vh«,/i 
instead of Ve«, ff . The estimates ([3]) and (jlj) are easily reduced from the corresponding 
estimates of heat kernel (cf. [II]). We remark that the explicit expression of T(g,h) = 
T(g,h,0) is obtained by Folland [6j: 

Let r L (g(, /i, r) denote the fundamental solution for the operator L + ir, where r £ R. For 
any Z > 0, there exists C; > such that 

(cf. [15, Theorem 4.8]). Since T L (g,h,r) = r L (h,g,-r), we have 
(5) Ir^^r)! < 



L,_ l _M . Q 1 



;i + |/i- 1 5l|r|^)'(l + |/ i - 1 5l(p(5)- 1 +pW- 1 )) / l /i 2 ' 
Lemma 6. For any Z > 0, i/iere exists C/ > suc/i i/iai i/ |/i _1 fl r | < p(g), then 

\T L (g,h,T) -T(g,h,T)\ < 



'i + \h-±g\\T\^) 1 pidYl^g 



l„|Q-2-<5 ' 



where 6 = 2 - > 0. 



Proof. Note that 

-A H n, 9 (r L ( 5 , fc, r) - r(<7, /», r)) + ir(r L ( 9 , fc, r) - T(g, h, r)) = -F(g)r L ( 5 , fc, r), 

where -Ah" i9 denotes the sub-Laplacian for variable g. Since T(g, h, r) is the fundamental 
solution for —Aen + ir, we have 

(6) r L (g,h,T)-T(g,h,r) = - [ T(g,w,r)V(w)r L (w,h,T) dw. 
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Let R = \h,- 1 g\ < p(g). By © and ©, 

Ci 



T L (g,h,T)-T(g,h,T)\ < f — 



+ \g 1 iu\ \t\ 2) \g 1 w\Q 2 
V(w) dw 



(1 + Ih^wl \r\h) l (l + \h^w\ pQi)- 1 ) l \h- l w\Q- 2 



+ / + 

= h+h + h- 

By Lemma and Lemma [2J we have 

C; f V(w) dw 



h < 



{1 + R\t\\) 1 R9- 2 Jb( 9 &) \9^w\Q 



< —1—, r,n 9 f V(w)dw 

~ (i + r\t\i) 1 rq-2R q - 2 Jb{ 9 ,§) 

9 Q 

eh (JL\ * 



(1 + R\t\^) 1 RQ- 2 \p(9)J 



Similarly, 



h < 



s 9 Q 

a r^ -— 



'l + R\r\^) l RQ- 2 \p(9) 



Note that \g lr w\ ~ \h 1 w\ when \g 1 w\ > =§ and |/t 1 tt; [ > ^. It yields 
C/ f V(w) dw 



h < - 

(i + R wy J\h-i w \>§ (1 + ^(/t)-!)'!/!- 1 ^! 2 ^- 2 ) 

< C/ ( f V(w)dw , /• \»rf w \ 

We may assume p(h) > y. Otherwise, ~ p(/i) ~ |^ _1 <?| and Lemma [6] is obviously 
true. By Holder's inequality, B qo condition and Lemma El we obtain 



V(w) dw 



P (h)>\h-iw\>§ \h- x w\^Q- 2 ) 

<c( [ v( w yodw)^( r (ft) t - 2 (Q- 2 K+Q-i A \i 

\JB(h,p(h)) J \J§ J 



'B(h,p(h)) 

-2(Q-2)+- 
<Cp(h)"o l R < 

C R \ 2 ~% 



RQ- 2 \p(h) 
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Using Lemma [5] and taking I sufficiently large, we obtain 

P( h ) 1 [ V X\q W 2 )+ i * C lP {hf^ P {h))-^- 1 ( V(w)dw 

J\h-^w\>p(h) \h l w\W 2 > +t f-^ JB(h,Vp(h)) 

oo 



< Cl c,-{l-h+Q-2)j 

j=i 

Ci 

< 



p(h)Q~ 2 

< Ci f r 

- R9~ 2 \p{h) J 

By LemmalU p(h) ~ p{g) when < p{g)- Lemma[6]is proved. □ 

Lemma 7. For any I > 0, i/tere exists C\ > suc/i f/iaf 

(7) K^(g,h)< ^ ] . n . 

{l + \h^g\{p(g)^+ P {h)^)) l \h- l 9\ Q 

Let A>1 be a fixed constant. If \h~ l g\ < Ap(g), then 

(8) \K^(g,h)-H s (g,h)\ < C 



p(g) & \h- l g\Q- 6 ' 



where 5 = 2 - 0. > 0. 
Proof. Note that 



1 



oo 



KHd,h) = — I e^T L (g,h,T)dr, 



oc 



H s (g,h) = -L f°° e isT T(g,h,T)dr. 



Then ([7]) follows from ([5]) by integration. By the same way, ([8]) follows from Lemma [6] 
when A = 1. Since 



LK-^,fe)-ir a (^fc) <2H s (g,h) < 



still holds for A > 1. □ 



Let 



i?j = Xj(-Ah«) 2 , j = !,-■■ ,2n, 



be the usual Riesz transforms with the convolution kernels Rj{g). We denote the kernel 
of Rj by /i) and write Rj(g, h) = Rj(h~ l g). Let 

K L = (Rf,--- ,14,) = V H "£-i, K=(Ri,- - ,R 2n ) = V H "(-A H ")"i 
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The kernels of 1Z L and 1Z are denoted by TZ L (g, ft) and JZ(g, ft), respectively. By functional 
calculus, we have 



0) 

Thus, 



L-5 = -L f (-ir)-^(L + ir)- l dT. 

m JR 



(10) n L (g,h) = ±- I {-iT)-^V m ^ g T L {g,h,T)dT. 

^ Jr 

Similarly, 

(11) K{g, h) = ^- I (-ir)-3 V H «, s r(g, h, r) dr. 

^ Jr 

Lemma 8. Let A > be a fixed constant. Then 



[ \Rf(g,h)\dg<C. 

J\h- 1 n\>Ap(h) 



l\h-ig\>Ap(h) 

Proof. Let us fix go and h such that R = ^ h 4 30 ^ > 0. Let u{g) = r L (g,h,r). Then u 
satisfies the equation — Ae«« + (V + ir)u = in B(go,2R). Take <fi G C^°(B(go,2R)) such 
that <j> = 1 on B(g ,R), < <j> < 1, |V H «^| < %, and |Vh„0| < ^. For g' G B(g ,R), we 
have 

u(g') = / r(5 / ,5 3 T)(-A H n +iT)(u(p)(g)dg 

T(g',g,T)( - V (g)u(g)(f)(g) - 2V e «u(g) ■ V H «<Kf) ~ MsOAh"<A(s)) d# 
r(c/, 5, t) ( - V(g)u{g)4>{g) + u(g)A m n(j)(g)) dg 
+ 2 u(g)X7 m ™, g r(g', 9, r) • V H »<Kg) dg. 



By 



Iv r M < r f v (9)W(g)\ , , C y 

Js( 50 ,2i?) b ^l 0-1 RQ+1 Jb( 90 



\u(g)\dg 



< C sup \u(g)\( / | -i ^ZI + ~5 

B(g ,2R) \JB(g ,2R) \g g\ Q 1 « 



Since (ftT^I ~ i? for any g G B(g ,2R), by ©, 

|V E n, g r (g , ft, r) | < "poZ2 / , , ,-i , Q -i + 



(1 + [r|s)i(i + R P {h)-^) 1 \R Q - 2 JB( go ,2R) Ig^g]**- 1 R Q - X 
In view of ()10p . by integration we get 



(l + flpCfc)-!)'^- 1 W«) \% x g\ Q ~ l R Q J' 
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which means 

(12) \mM< .. Q ... J ^rf. 1 



(l + \h-^g\p{h)-^) l \\h- 1 9\ Q - 1 J B { g ,^A) \gr x v\ Q - X \h- l 9\ Q )' 

Set r = A p(h). By (fT2"j) and the boundedness of fractional integrals (cf. Proposition 
6.21), for k > 1 and — = — — i, we get 



2 fc - 1 r<|fc- 1 g|<2 fc r 

< a 2- w f t^qTT ( / V(g)% dg) % + (2 k r)^ 

<Q2- kl (#r)%- Q ( * / ^(5)^ + 1 

V( 2 + r ) y y|fc-i a |<2*+ir 

--2- 



<Ci2~ kl {2 k r)vo v (2 fcil + l) < C2~ fc (2 



provided / large enough, where we used the B q ^ condition for the second inequality and 
Lemma [5] for the third inequality . 

Then by Holder's inequality, 

r °° / p \ — q 

/ \Rf(g,h)\dg < CV \Rf(g,h)\ p °dg 1° (2 k r)^ 

J\h- 1 g\>r \J2 k - 1 r<\h- 1 g\<2 k r J 

oo 

< C^2- k = C- 

k=l 

the lemma is proved. □ 
Lemma 9. Let A > be a fixed constant. Then 

[ \Rf(g,h)-R j (g,h)\dg<C. 

JB{h,Ap(h)) 

Proof. Set r = Ap(h). Suppose \h,- l g\ < r and let R = By ©, (0) and ®, 

\Vu",gF L (g,h,T) - VBn,gT(g,h,T)\ 

< / \Vun, g r{g,w,T)\ V(w) \T L (w,h,T)\ dw 

Q 



< 



V(u>) du> 



(1 + I/I" 1 ™) |r|5) Z (l + V 1 ™^ 2 



+ / + 

[fl- 1 tu[<Ji J\hr 1 w\<R J\h- 1 w\>R,\g~ 1 w\>R 

J1 + J2 + h- 
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It is easy to see that 

Ji < 



and 



h < 



< 



Q 


1 


{1 + R\t\*)' 


! R Q-2 


Q 


1 


0- + R\t\*) 1 


RQ-K 


Q 


l 


0- + r\t\*) 1 


R 2Q-3 


a 




(l + i2|r|3)' 


RQ-1 ( 



V(w) dw 



V{w) dw 



^ T. — ,u; T,9.o-a / V(w)dw 



2- 

) 

r 



where we used Lemma [5] for the second inequality and Lemma [2] together with Lemma [3] 
for the last inequality. 

Note that |<7 iu| ~ | 1 | when \g~ l w \ > R and > R. We have 

Ci f V(w) dw 



(1 + R\t\2) J\h-^w\>R (l + \h- l w\p{h)- 1 ) i \h- l w\ 2 Q- ? ' 

Q ( f V(w)dw , f V(w)dw 

< ~ i— r / n 1 mn 5 +r 



[l+R\ T \h) l \Jr>\h-^\>R \h- l w\ 2 Q~Z J\h-^\>r Ih-^Q-^ 1 

It follows from the Holder inequality and B q condition that 



r>\h-^w\>R \h %| 29 3 \JB{h,r) J \JR 



v{w)dw < c( [ v(wyodw) q °( I it-wx+o-i^v- 



9.-1 -2Q+3+4- 
< Cr q o R 

, s 9 Q 

C R\ 2 ~% 



RQ- 1 

Using Lemma [5] and taking I sufficiently large, we obtain 

V(w) dw 



r' 



|& _ lu ,[> r \h-M 2Q - W 



< Cr l f](2 j r)- 2Q+3 - 1 [ V(w)dw 

=1 JB{h,Z>r) 



J 

oo 



< C o-(l-h+Q-l)j 

, s 9 S 

C (R\ 2 -% 



The above three estimates give 

h < 



RQ-i . r 



s 9 V 

Q 1 R\ 2 ~% 



; 1 + jR | T ||)'i?Q- 1 
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Therefore, for \h 1 g\ < r ~ p(h), 

|V H «, 9 r L (5(,/i,r) - Vm», g r(g,h,T)\ 

Ci ( i f V(w) dw 1 f \h- l g\ \ 2 -%' 

~ (i + \ h -l g \\ T \\) 1 [\h-ig\Q- 2 Jb( 9 ,^) Ig^w]®- 1 + \h- l g\Q- 1 V r ) 

In view of ()10p and . by integration we obtain 

/ \ |„L, ,v „, ,M C /■ C /l/l-^IX 2 "^" 

(13 \m(g,h)-R i (g,h)\ < - = ,„ = / , \ ' = + - = ,„ yM 

1 J 1 ~ \h- l g\Q- 1 J b L \Jl^m1 \ \g-hn\Q- 1 {h^g^ \ r 

It follows from the boundedness of fractional integrals and (|13p that, for k < 0, 



i 

J2 k ~ 1 r<\h~ 1 g\<2 k r J 

£ (^(L, ) l/(9), " d9 ) i+C2 ' ,2 " ,(2 ' r) " 



'B(h,2r) 



By Holder's inequality, we obtain 



/ \Rf(g,h)-R j (g,h)\dg 

J\g-^h\<r 

< E ( I \Rf(g,h)-Rj(9,h)\ P °dg) P °(2 k r)% 



fc= _ oc V^2'=-ir<| 9o - 1 / l |<2'=r 

C £ 2 fc(2 ^ } = C. 



k=—oo 

The proof of Lemma is completed. □ 



4 Local Hardy spaces 

An i^-function is locally equal to a function in a certain scaled local Hardy space. Before 
dealing with £/^(H"), we first discuss local Hardy spaces on the Heisenberg group. The 
theory of local Hardy spaces on M n was studied by Goldberg [9J. It is sure that the local 
version of Hardy spaces can be extended to more general setting such as homogeneous 
groups. However, there is no reference about it as far as the authors know. 

We recall some results of Hardy spaces on the Heisenberg group (cf. [7]). Let J^(M n ) 
denote the Schwartz class and S"' '(HP) be the space of tempered distributions. For / 6 
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J?"(M n ) and (j) G r y(M n ), we define the nontangential maximal function M^f and the 
radial maximal function Mff of / with respect to <\> by 

Mj,f(g) = sup \f*(f) r {h)\, 

\g~ 1 h\<r<oo 

Ml f{g) = sup|/*0 r ( 5 )|, 

T r>0 

where 

M9) = r- Q 4>(hg)- 

r 

Denote by {Yj : j = 1, • • • , 2n + 1} the basis for the right-invariant vector fields on 
H n corresponding to {Xj : j = 1, • • • , 2n + 1}; that is, 

Let TV G N and G y(M n ). We define a seminorm on y(H n ) by 

|H| (7V) = su P (i + M)^ +1 )w +1 )|y^)|, 

|/|<JV 

where 

2n+l 

y = (Fl,--- ,>2„+l), / = (»v,Wl), ^ = ^i 1 ---^2n+i 1 ) and \I\=Y J iy 

3=1 

For / G =5^'(IHI n ), we define the nontangential grand maximal function M^^f and the 
radial grand maximal function M^ N ^f by 

M (JV) /(5) = sup M+f(g), 
M+ /(<?) = sup M+f(g). 

II0II (]V )<1 

For < p < 1, we set N p = [Q(l - 1)] + 1. The Hardy space £P(EI n ) is defined by 
iP(lF) = {/ G ^'(IHP) : M (iVp) / G L p (H n )} 

with 

I|/Lp = II M (^)/|| L p- 
We say that a function (ft G ,5^ (HP) is a commutative approximate identity if ^ satisfies 
/ <p(g) dg = 1 and (f) r * 4> s = 4> s * <p r for all r, s > 0. 
We note that 4> r * 4> s = (j) s * 4> r if (/>(x, i) is radial or polyradial (cf. [7]) with respect to x . 
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Proposition 1 ([7, Chapter 4]). Suppose f G 5*" (W 1 ) and < p < 1. Let cf) be a 

commutative approximate identity and N > N„ be fixed. Then 

||m (jv) /L ~ IKVL - \\ M *f\\i, ~ IK/L- 

Proposition [1] tells us that all these maximal functions give equivalent characterizations 
of the Hardy space H p (M n ). Specifically, the heat kernel H s (g) = (p^-(g) where tp(g) = 
Hi(g) is a commutative approximate identity. Therefore the radial heat maximal function 
Mf = M£f characterizes the Hardy space H p (M n ). 

A significant fact of the Hardy space H p (M n ) is that an H p distribution admits an 
atomic decomposition. Let 0<p<l<q< oo. A function a £ L q (M n ) is called an 
H p ' q -atom if the following conditions hold: 

(i) suppa C B(g ,r), 

(ii) ||a|| ig < \B(go,r)\<~* , 

(iii) / a(g)g I dg = for d(I) < N p , 

■JB(g ,r) 

where g 1 denotes the monomial 

(„ 4\I — J-\ . . . „i2nj2n+l 
{Jb, I) — X l X 2n L 2n +l 

and d(I) is the homogeneous degree of g 1 defined by 

2n 

d{I) = 2i 2n +\ + y~]ij- 

3=1 

Proposition 2 ([3 Chapter 3]). Let < p < 1 < q < oo. A distribution f G H p (M n ) if 
and only if f can be written as f = Y^j^j a j> where aj are H p,q -atoms, ^ - \\j\ p < oo, 
and the sum converges in the sense of distributions. Moreover, 



j 

where the infimum is taken over all atomic decompositions of f into H p,q -atoms. 

Now we go to the local version of Hardy spaces. We define the local maximal functions 
M/'s by taking supremum over < r < 1 instead of < r < oo as follows. 

%f{9)= sup \f*Mh)\, M+f{g)= sup \f*Mg)\, 

Ig-^lKrKl 0<r<l 

M {N) f(g)= sup M^f(g), M+f{g)= sup M+f(g). 

H\\( N )<x ll^ll(jv)<i 
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Definition 3. Let < p < 1. The local Hardy space h p (M. n ) is defined by 
h p (W n ) = {/ G y'(M n ) : M (Np) f G L p (H n )} 

with 

ll/llw = \\ M (N P )f\\ LP - 

Similar to Proposition [H by the same argument as in jj], we have 

Proposition 3. Suppose f G <9"(M n ) and < p < 1. Let 4> be a commutative approximate 
identity and N > N p be fixed. Then 

\\M {N) f\\ LP ~ Hm^/L, ~ H^/lliP ~ ll^/L- 

All these local maximal functions give equivalent characterizations of the local Hardy 
space h p (M n ). 

Lemma 10. Let < p < 1 and f G /i p (M n ). If ip & y(M n ) satisfies 

/ tp(g)dg = l and / ip(g)g I dg = for < d(I) < m = {N p + 1)(Q + 2) 

fi/ie cancellation conditions of tp can be relaxed to an extent, but it is not important for 
us), then f — f * %ft G H p (M n ) and there exists C > such that 

\\f-f*i>\\ HP <c\\f\\ hP . 

Proof. Let (ft be a commutative approximate identity. We have 

Mt(f-f*il>)(g) < M+f(g)+ sup |/*(V*0r)(<7)| 

0<r<l 

(14) + sup \f * ((ft r - "0 * <t>r)(g)\- 

Kr<oo 

We will prove that there exists C > such that 

(15) sup \f*^*<t> r )(g)\ < CM+ J(g), 

0<r<l v v> 

(16) sup \f*(<ft r -^*<ftr)(g)\ < CM+J(g). 

Kr<oo v p ' 

Then Lemma [10] follows from (|14p , f)15f) , (|16|) and Proposition [3l 
By Proposition 1.47], the estimate (|15p follows from 

^Pjl^ * M\(N p )^ C M\(N p+ i)\\4(N P+ xy 
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Note that 

Y 1 = y, p u x ' j 



\j\<\i\ 

d(J)>d(I) 

where Pjj are homogeneous polynomials of degree d(J) — d(I). Hence 

\\4 <C sup (1 + 191)^^1X^(9)1 

\i\<N 

To obtain the estimate (|16p . we only need to show 

(17) sup \X I (<f> r -ip*<l> r )(g)\<C(l + \g\)- m . 

l<r <oo 
\I\<N p 

For / = X (f), we use the following Taylor inequality (cf. Corollary 1.44]) 
\f(hg)-P g (h)\<C\h\ m sup \Y J f(h l9 )\, 

|/il|<6 m |/i| 
d( J)— m 

where P g (h) is the right Taylor polynomial of / at the point g of degree m — 1 and b > 1 
is a constant. From the cancellation conditions of tp we get 

< cf \il>(h)\\h\ m r-^- m sup |(Y J X 7 0) r (/i l5 )| dh 

d( J) — m 



< C| / + 

'\h\<\b-™\g\ J\h\>±b-™\g\ 



For < ±b~ m \g\, 



r- d ^~ m sup |(y J XV)r(M| < C(l + [0|)-*M-m-Q < C (1 + IsD" 

|/tl|<fe m |/l| 
d{ J)— m 



Therefore 



\^(h)\\h\ m r- d ^- m sup \(Y J X I 4>) r {hig)\dh 

\h\<U- m \g\ \hx\<b m \k\ 

1 d(J) = m 



<C{l + \g\)- m f \m\\h\ 7 
<C(l + \g\y 

On the other hand, 



dh 



- 2 

-m 



Wh)\\h\ m r~ d W- m sup \(Y J X I <l>) r (hig)\dh 

|>|6-™|g| |Ail<i- m |fc| 

d{J) — m 



< C / V(/t) |7i| m d/i 

'|/i|>5 6 ~ m l9l 



-m 



<c(i+| 5 ir 

Thus we obtain (|17[) and complete the proof of Lemma [TOl □ 
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Although the ball B(g,r) is the left translation by g of B(0,r), the shape of B(g,r), 
as a set of points in M 2n+1 , much varies with the position of the center g. For g = (x,t) 
and h = (y, s), let d#(<?, /i) = (|x — y| 2 + |i — s| 2 )^ denote the Euclidean distance between 
two points g and h. Given a large positive number A, there exist points g and ft, such 
that d(g,h) = 1 and dE{g,h) > A, and vice versa. However, we still have the following 
covering lemma for M n . 

Lemma 11. Let a = (a\,a2,--- , a^n+i) £ Z 2n+1 , g a = 5 i (ai , , ■ ■ ■ , Q!2n+l); a ^ 
-B a = i?(g a ,^). ?7ien H n = (J Q i? a and {-B a } has finite overlaps property; that is, 1 < 

J2 a x Ba (g) < c. 

Proof. Lemma [TT1 is almost obvious. In fact, for any g G M n , there exists some g a such 
that \g~ l g\ < \. On the other hand, for any g a / g a >, \g~ l g a > \ > ■Aq. □ 

Now we give the atomic decomposition of h p (M n ). 

Definition 4. Let 0<p<l<q<oo. A function a G L q {W l ) is called an h p,q -&tom if 
the following conditions hold: 

(i) suppa C B(g ,r), 

(ii) ||o|| x , < \B(go,r)\*~*, 



(hi) if r < i, then / a(g)g I dg = for d(I) < JV p . 
^B(go,r) 



Theorem 4. Le£ 0<p<l<g< oo. A distribution f G /i p (H n ) i/ and on/y i/ / can 
be written as f = Y^j a j converging in the sense of distributions and in h p (M n ) norm, 
where aj are h p ' q -atoms and J^ - \\j\ p < oo. Moreover, 



|/L~^{X>i p }, 



where the infimum is taken over all atomic decompositions of f into h p,q -atoms. 

Proof Let / G h p (M n ) and V satisfy the conditions in LemmaCTOJ Thus, f-f*ij> G H p (U n ) 
and II/— f*i}^\\HP < By the atomic decomposition of .£f p (HP), f—f*ip = J2j^j a ji 

where aj are i? p ' 9 -atoms and ^ • |Aj| p < C \\f — f * V'II^p- It is clear that an H p ' q -atom is 
also an h p ' q -atom. 

Let {B a } be the collection of balls given in Lemma [TT1 and Xa denote the characteristic 
function of B a . Set 

(18) Ua)- x " i<,] 



Ea Xa{g) 
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and write 



(/ *ip)(g)£a(g) = A Q a a (g), 

where 

A« = |B a |i> i || (/ * 1p)€a\\ Lq - 

Then all o, a are /i^'^-atoms and f * ip — X>« 

a a . Moreover, 



P 



Conversely, let a be an h p ' q -&tom supported on a ball B(go,r). If r < ^, then a is 
also an H p ' q -&tom and ||o||? p < < C by Proposition O If r > |, we choose a 

commutative approximate identity (j) such that suppc/> C B(0, |). Then M^a is supported 
in B(go,2r) and ||M^a|| Lg < C ||a|| Lg - By Proposition [3J 

||a||*, < C||M+a||^ < C 15(00, 2r)r* ||M+a||^ < C |B(g , r)| X ~« ||a||^ < C. 



If / = -\? a j > then we have 

ll/&<Ewl*^Ei A 



^ i 



The proof of Theorem 0] is completed. □ 

Remark 1. The restriction r < ^ in the condition (iii) of Definition [3] is not essential. 
By a dilation argument, it is easy to know that Theorem H] still holds if we replace ^ by a 
fixed positive constant A. 

Remark 2. We should pay attention to the h p ' q -atoms appearing in the atomic decom- 
position of / € h p (M n ) without the cancellation conditions, which come from / * ifj. If 
/ G h p (W n ) is supported in a ball B(go, 1), we can choose ip satisfying the conditions in 
Lemma[10]and suppV> C -6(0, 1). Then f *ip itself is multiple of /i p ' 9 -atom supported on 
the ball B(g ,2). 



We are mainly interested in the case p = 1. The Hardy space H (HP) can be charac- 
terized by the Riesz transforms Rj (cf. [2J). That is, / G H 1 (M a ) if and only if / G L 1 (EI n ) 
and Rjf G L 1 (H n ), j = 1, • • • , 2n. Moreover, 

2n 

(19) ll/Lx + Ell^/IL- 

The local Hardy space /i 1 (H n ) has a similar characterization. On the Euclidean spaces 
the local Riesz transforms characterization of /i 1 (M n ) is obtained via subharmonicity (cf. 
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[9]). However, this kind of approach fails on the Heisenberg group as pointed out in [2], 
so we will use a different method. Let ( G C°°(M n ) satisfy < ((g) < 1, ((g) = 1 for 
\g\ < \ and £(g) = for \g\ > 1. We also assume that Q is radial; that is, ((g) depends 
only on \g\. Set R [ °\g) = ((g) Rj(g) and Rf{g) = (l - ((g)) Rj(g). Then we define the 
local Riesz transforms by Rjf = f * Rf\ 3 = L ■ ■ ■ ; 2n. 

Theorem 5. ,4 function f G ^(M n ) i/ and on/y i/ / G L^HP) and JEj/ G L x (H n ), j = 
1, • • ■ , 2n. Moreover, 

2n 

ll/t-ll/L+EIML- 

i=i 

Proo/. Suppose / G L x (H n ) and H,/ G L 1 (H n ), j = 1, • • • , 2n. Let {B a } = {B(g a , ±)} be 
the collection of balls given in Lemma [TT1 Let -B** = B(g a , 2) and x*a 1S the characteristic 
function of B** . Write 

fate) = f(g)Ug), 

where £ Q is defined by (fTSj) . Also set 

7(5) = A a a a (o), 



where 



a "(5) = Ta^iXa (d) and X a =[ f a {g)dg. 
\ B a I JB a 



It is obvious that all /i ' 00 -atoms and 

£> Q | <^ / 1/(5)^5 <C||/|Li- 

By Theorem H / G h 1 (EP) and 

ll/L * ell/Li- 

We will prove /- / € F^H") and 

( 2 0) ll/-71lj ff i^c'fll/llii+EII%/L)' 

which imply / G /i 1 (H n ) and 

||/L < ||/ - 7L: + 11711^ < c (\\f\\ Ll + £ ii^/n^) . 

Write 

(21) -])(g) = f* Rf ] (g) - f* Rf{g) + (/-/)* Rf{g). 
It is well known that Rj(g) is a Calderon-Zygmund kernel satisfying 
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(a) \Rj(g)\<^, 

(b) \ Rj (hg)-R^g)\<^L for W< M 

(c) / -Rj(^) dg = for any < a < b < oo. 
A<|g|<6 



If Is^sl < 1 or \g- l g\ > 3, then a Q * Rf ] (g) = 0. When 1 < \g~ 1 g\ < 3, it is not difficult 
to get 

>[o] 



a a *R l p(g)\ <Clog. 



2 - \gZ l g 



i„ii ' 



and hence 

It follows that 
(22) II7*e>[°] 



\a a *Rf ] \\ Ll < C. 



* ^° J |Li <X>a|||aa*fl]° ] |Li <Cj]|A Q | <C 



L 1 ' 



L 1 ' 



Since |-Rf(s)| < C, we have 

|(/a-A Q a a )*i?°°(<7)| <C||/ a -Aaa a || Ll <C 
Moreover, when I^q 1 ^ > 4, we have 

|(/a- A Q a Q )*i?°°( 5 )| 

/ (/a - A a o Q )(h) {Rfih^g) - Rf(g~ l g)) dh 

J B** 

| (/a " A a O Q )(/l)| " «f (j/a^)| ^ 

| (/a - A a a a )(/i)| d/i 



< 



< 



_C 



< 



C 



that implies 



Thus, 



||(/a-A a a Q )*i2f || L1 <C||/ a || Ll . 



(23) || (/ - /) * Rf\\ L1 < Y, || (/« " A a «a) * i?r|| Ll < ||/ Q || L1 < C 



L 1 ' 
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Prom fl2Tj), fl22D and ^23]) we obtain 

( 24 ) ^(/-^IL^cOl/ILi + Pi/ILi)- 

Then (EB follows from 02]) and (E 



Conversely, suppose / £ /i 1 (H"). We choose ?/> satisfying the conditions in Lemma [TU] 
and supp-0 C -6(0, 1). Using (fT9|) and Lemma [TU1 we get 

(25) \\R j (f-f*i/>)\\ Ll <C\\f-f*i;\\ Hl <C\\f\\ hl . 
Note that 

(26) Rjf = Rj{f-f*1>) + f*h 
where 

<j ) = ^*R j -Rf eC°°(M n ). 
If [g| > 2, by the same argument as ()1T[) . we have 

|^)| = |V * - #°°(<7)| < C (1 + Iffl)-^ 1 . 

Thus <f> G L 1 (BI n ) and 

(27) ll/^IL^cll/IL^cll/L- 

From ([25]), d26j) and (J27J), we obtain 

U^/ILi < ||^(/-/*^)|| L x + ||/*0|Li <c||/Lx- 
The proof of Theorem [5] is completed. □ 

Remark 3. By a dilation argument, for < p < 1 and k € Z, we define the scaled local 
Hardy space /i^(H n ) to be 

h P k (M n ) = {/ € ^'(HP) : M (W / 6 L p (H n )} 

with 

\\f\\h<i = ll M (^p),fc^Lp' 

where the scaled local maximal functions M^/'s are defined by taking supremum over 
< r < 2 k instead of < r < 1 : 

M 4>)k f{g)= sup \f*<t>r{h% M+ k f(g)= sup |/*0 r (s)|, 

\g~ 1 h\<r<2 k 0<r<2 fc 



M {N))k f(g)= sup M^kfig), M+J(g)= sup M+f(g). 

II0II(]V)<1 II^II(JV)<1 
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In a similar way, we have 

||AW/|| LP ~ ||M+ ))fe /|| ZP ~ \\M^ k f\\ LP ~ \\M+ k f\\ LP , 

where <f> is a commutative approximate identity and N > iV p is fixed. 

We also have the atomic decomposition of /i?(H n ) as follows. Let 0<p<l<q< oo. 
A function a G L 9 (H' 1 ) is called an ft^' 9 -atom if the following conditions hold: 

(i) suppa C B(g ,r), 

(ii) ||a|| L , < \B(g ,r)\«~p, 

(iii) if r < 2 fc , then / a{g)g I dg = for d(J) < JV p . 

Then / G /i^(H n ) if and only if / can be written as / = ^ • Aj a,j converging in the sense of 
distributions and in h^(M n ) norm, where a,j are fa^ -atoms and 5^- |Aj| p < oo. Moreover, 

||/||^inf{^|A,|4, 

i 

where the infimum is taken over all atomic decompositions of / into fo? -atoms. Further- 
more, if / G /i^(EI ra ) is supported in a ball B(g ,2 k ), then the ^' 9 -atom appearing in the 
atomic decomposition of / without the cancellation condition is supported on the ball 
B(g ,2 k+1 ). 

In the case p = 1, /^(EP 1 ) is also characterized by the local Riesz transforms as follows. 
A function / G /i^(H n ) if and only if / G L 1 (H n ) and Rf ] f G L^IP), ; = 1, • • ■ , 2n, where 

the local Riesz transforms are defined by Rj f = f * Rj and Rj (g) = C(2~ k g) Rj(g). 
Moreover, 

In 

ll/L^II/L+EPf/L- 

5 Proof of atomic decomposition 

In this section we prove Theorem [TJ First we give a partition of unity related to the 
auxiliary function p(g). It follows from Lemma [5] that < p{g) < oo for any g G H n . 
Therefore, 

oo 
k=—oo 

where 

Q fc = {g G # : 2*- 1 < < 2 fc }. 

From Lemma [J we get 
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Lemma 12. For every R > 2, if g G U k , h G and B(g,2 k R)f]B(h,2 j R) ^ 0, tfien 
<Clog 2 P. 

Proo/. Choose # G B(g,2 k R)f]B(h,2^R) and c/ G % Lemmagl 



in 



pig) V 

p{g ) If 2«Ry l ° clog2R 

Thus \ko-k\< Clog 2 P. Similarly, \k - j\ < Clog 2 P. Therefore \k - j\ < Clog 2 P. □ 
We choose grk,a) £ such that 

njfccljs^)^*- 1 ) 

a 

and 

B (<7( fe , Q ) , 2 fc " 2 ) f| B (<?( M ') , 2 fc - 2 ) =0 for a ^ a'. 

From Lemma fT2"j we get 
Lemma 13. For every (k',a r ) and R>2, 

#{(k,a) : B(g {kta) ,2 k R)f)B(g ik , :a/) ,2 k 'R) ^0} <R C . 

Then we have 

Lemma 14. There exists Z 2 > such that, for every gfj,',a') an d I — ^2; 

E ( i+2 ~ fc i%W(M)ir*+E ( l + 2_v i% 1 ,«')f(Mi)"'^ cr - 

(fc,a) (fc,a) 

Let B( fc a ) = B((jr( fc a ), 2 fc ) and B? fe a j = B(g(fc )Q ,), 2 fc+1 ), and we use these two notations 
through the article. We now have the partition of unity. 

Lemma 15. There are functions £(k,a) £ C^°(M n ) such that 

(a) supp£ (feia ) C B (M) ; 

(b) < £( fc|Q )(s) < 1 and ^ £(*,«) fo) = 1 /or any g G HP 1 ; 

(fc,a) 



(c) |V H «^(fe,a)(5)| < C2 k for any g G 
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Now we define the local maximal functions with respect to the semigroups {Tg} s>0 
and {T s } s>0 by 

Mtf(g) = sup \T s L f(g)\, 

0<s<4 k 

M k f(g) = sup \TJ(g)\. 

0<s<A k 

We investigate the relation between M^f and Mkf- I* 1 practice, we study the local 
maximal function Mkf defined by 

M k f(g)= sup \T s L f(g)-T s f(g)\. 

0<s<4 k 

Lemma 16. For every (k,a), 

\\Mk(£( k> *)f)\\ L l <C\\C (k , a )f\\ L i- 
Proof. By Lemma [71 we have 

\(Z(k, a )f)(h)\ 



! \M k (Z {kia) f)(g)\dg < C f f 

(28) < C\\Z(k,a)f\\ L x- 



dh dg 



By © and ©, 

sup \K^(g,h) - H s {g,h)\ < C 2~ kQ e~ A ^~ k \ h ~ X ^ if \h~ x g\ > 2 k . 

0<s<4 fe 

Therefore, 

\Mk(&k,a)f)(g)\ d 9 

IV.: Q) 9l>2 fc+1 

< [ [ \(£(k,a)f)(h)\ sup \K^(g,h)-H s (g,h)\dhdg 

J\9^ a) g\>'^ +1 JB^a) 0<s<4 fc 

(29) <C\\i {Ka) f\\ Ll . 

Lemma US] follows from (|2H1) and HMD- □ 



Define 



Lemma 17. 



Mf k>a) f(9)= sup \T s L (^ k , a) f)(g)-^ a) (g)T^f(g)\. 

0<s<4 k 



(k,a) 
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Proof. Write 



V s,(k, a ),(k', a ')f(9) = T s (i(k,a)i(k> ,a>)f){g) - t{k,a)(g)T s (£(jfc', a ')/)(» 

/O) C(fc',a')(^)(^(fe,«)(M - £(k,a)(g))Ks(g,h) dh 



B (k>,a>) 



and 



Set 



Mk a) r kl>a/) f{g) = sup |Pj; (M) ,( & /, a /)/(>)|- 

0<s<4 fc 



®(fc,a) = {{k',a): \g {k )^, ) g (k ^ ) \< A2 k ), 
s (fe,a) = {(^',a') : \ g~[ k \ a/) g(k,a)\ > A2 k }, 

where A > is a fixed constant. By Lemma [T3l the number of elements in @(k,a) is 
bounded by a constant independent of (k,a). By Lemma \12\ there exists a constant 
A\ > such that B( k > tCt i\ C B(g^ ka - ) , A\2 k ) if (k',a f ) G 9(*; jQ ,). Also by Lemma fT2| we 
can take A large enough such that B^ k ^ D-^' a') = wnen (A;', a') G 3(&, a )- 

Suppose (k',a') G 0(fc, a ). Using Lemma [T5l (c) and the mean value theorem (cf. 
Theorem 1.41]), together with (JTJ) and ([2]), we obtain that 

sup |(£(fc, a )0) -£(*,,«) (fl')^^^) I 

0<s<4 fc 

<C2- fe |/ l - 1 5 | sup i/ s (9,/i) 

0<s<4 fc 



< 



'C2- k \h- 1 g\ 1 - Q , if |/i- 1 5 |<2 fc , 

C2-*W+ 1 )|/i- 1 5 |e-^ 4 "*l ft ~ 1 fll a , if \h~ 1 g\>2 k . 



Therefore, 



■M(k,a), (k',a') f(g) dg 



</ / \fi h )i{k',a'){h)\ sup \[£( kt a)(h) -£( k , a )(g))K s (g,h)\dhdg 
(30) ^^ll/ILi^^,,)^*))- 

Let (k',a') G S( fca ). It is easy to see that C(fe',a')(^)C(fc,a)(^) = 0, p(^) ~ 2 fc and 
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\h 1 g\ ~ \ 9^, a ')9(k,a)\ for g £ B(fc, a ) and /i G B^^y By LemmaEl we get 
<[ [ \f(h)\ dfrdg 



(1 + 2 fc |5(J >Q /)5(fc,a)l)' J B {k', a ') ' ' ;V/ ViB (fc , a) 

(31) < C(l + 2- fc | 5( -} Q/)5(M) |)-' H^aO/Li- 
We have 

E IK^/L < E E ll^aM^o/Li 

(fe,a) (fe,a) (fe',a') 

(32) = E E +E E = 

(k,a) (fe',a')ee (fcia) (fc,a) (fc',a')6H (fc , a) 

By ([30]) and Lemma [T3l we get 

( 33 ) J l ^ C E U/|lLi(B( ff(fc , a) ,A 1 2*)) ^ C ll/ILi- 

(fc,a) 

Taking Z > £2, by ()3ip and Lemma [I~4l we get 

(34) J 2 <C£ £ (1 + 2^15^)^)1)^11^0/11^ <^||/L- 

(fc,a) (fc',a')e3(k,a) 

Combination of pZj) . l|5gj) and gives Lemma QH □ 
We are ready to prove Theorem [TJ 

Proof of Theorem^ Given / £ Hj^(M n ), since 

\\M k (^ a) f)\\ L1 < \\Mt(C {k , a) f)\\ L1 + \\M k (^ a) f)\\ L1 

'(fc,a) 

by Lemma [16] and Lemma [T71 



< IKw^/IL + + \\M k (a {k>a) f)\\ L1 , 



(35) ||M fc (e (fc , Q) /)|| Ll < C{\\M L f\\ Ll + ||/|| L1 ) < C ||/||^. 

(k,a) 

As pointed out in Remark [3l this means every C(k,a)f £ /^(EF 1 ) an d 

(36) £( M )/ = E A ?' a M M) mi 1 ^), 
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where a\ are /i fc ' 9 -atoms and 



(k.a) ,1,(7 

• are h k H - 

(37) ^|Af' a) |<C||M fc (e (fcja) /)| 



L 1 ' 



We also note that each h k ,q -&tom cq without the cancellation condition is supported on 
the ball Bt, = B(g {kj0l) , 2 k+l ). Therefore all /i^-atoms af ,a) are if^ 9 -atoms. By (J36D , 
(f37j) and , we get 

(fc,a) i 



and 



E E l A ? c E II^W)^ < c ||/| 

(fe,a) « 



HI 



To prove the converse, we only have to show that, for every ii^' 9 -atom a , 

(38) !l MLa !Li - c - 

Let a be an iT^-atom supported on a ball B(go, r). If r > p(go), we further decompose a 
as follows. Set 

G a = {(k,a) : B(g {k)a) ,p(g [ka) )) f]B(g ,r) ^ 0}. 

Then we have 



(39) E \ B {9(k,a),p(9(k,a)))\ <C\B(g , 



r . 



In fact, if p(g(k,a)) > r and (k,a) € ©ai tnen 5o G B(g {ka) , 2p(g^ a) )). By Lemma H 

P(9(k, a )) < C p{g ) <Cr. 

Therefore, (<?(& )Ce ) , p(gtk,a))) c B(go,Cr), and (f39|) follows from the finite overlaps prop- 
erty of B(g^ Q) ,p(g^ a) )). Let X(fc, Q ) be the characteristic function of B(g^, p(g( k ,a))) ■ 
Set 

j- , v X(fc,a)(sO 
(,(k,a){g) = 



E X(fc',a')(sO 
(fc',a')ee a 



and write 

C(k,a)(9) a (g) = \k,a) a (k,a){g): 



where 

i 



\fc,a) = ^(^(fc.a))/ 5 ^^,^)))! 7 ||C(fc, 
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Then a^^a) 1S an H L ' q -atom supported on B(<7(fc ia ),p(<7(fc lQ: ))) and 

(fc,a)ee a 



By the Holder inequality and (|39j) . 



i , ,1 



X] IV,a)l ^ ( Yl \ B (9(k,a),p(9(k,a)))\) ( Yl IIQmHIL) 

(fc,«)ee a v (fc,a)ee a y V Mee„ 7 

< C^or)^ Hall^ <C. 

Thus, without loss of generality, we may assume that a is an ii^-atom supported on a 
ball B(go,r) satisfying r < p(go). Let go G f2^. By the same argument of Lemma [TfJl we 
have A4fcO £j < C||a Li < C. It is clear that Jl^ o L a < C. Hence 

(40) \\M%a\\ Ll < C. 

By © and ©, 



which yields 



and hence 



sup Kfo,h)<C2- kC >, 

4 fe <s<oo 



sup |T s L a( 5 )| <C2- fc « 

4 fc <s<oo 



(41) / sup \T^a(g)\ dg < C. 

JB(g ,2 k + 1 ) 4 fc <s<oo 

Note that r < 2 k and p(h) ~ 2 k whenever h G B(go,r). By Lemma[71 we have 
/ sup |T s L a(g)| (ig 

-'l96" 1 9l> 2fc+1 4 fc <s<oo 

(42) <C/ f -. , - I^Lin, _i in dhdg<C. 

J\9Q 1 g\> , 2 k+1 JB(g ,r) (1 + |/i ^| PI") ^l^ ^ 

We obtain (J38]| from (|30j). and flM}. This completes the proof of Theorem [Q □ 
Remark 4. As we showed above, we may add a restriction in the definition of if J-' 9 -atom 



as follows. If a is an H^-sXom. supported on a ball B(go,r), then r < p(go). 

Remark 5. We have seen that H\(W l ) is closely related to the local Hardy space /i 1 (H n ). 
From Theorem [U Theorem [5] and Remark [H it is easy to get the following inclusion rela- 
tions. If V < C then iJ£(H n ) C ft, 1 (HP). If V > £ then ^(H n ) C ^(EI n ). Specifically, 
fl^EF 1 ) = h l (M n ) when V ~ 1. 
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6 Riesz transforms characterization 



In this section we deal with the Riesz transforms Rj 1 associated with the Schrodinger 
operator L. The atomic decomposition is useful to establish the boundedness of operators 
on Hardy spaces. But in general, as showed in [1] (also see [15]). it is not enough to 
conclude that an operator extends to a bounded operator on the whole Hardy space by 
verifying its uniform boundedness on all atoms. The key point is that two quasi-norms 
corresponding to finite and infinite atomic decompositions are not equivalent. We give the 
following lemma. 

Lemma 18. Suppose that T is a bounded sublinear operator from L 1 (H n ) to L 1,00 (IHI n ) 
such that \\Ta\\ Ll < C for any H^ q -atom a. Then T is bounded from H^(M n ) to L 1 (H n ). 

Proof. Suppose / £ H^iW 1 ). By Theorem [Q we write 

oo oo 

f = ^Z x i a i with < c \\f\\ H ^ 

3=1 3=1 

where aj are ii^-atoms. Set 

m 

fm = X 3 a 3 ■ 
3=1 

It is clear that f m converges to / in L 1 (H n ). The sublinearity of T yields | \Tf m \ — \Tf\\ < 
\T(fm — f)\, and hence \Tf m \ converges to |T/| in L 1 ' 00 (IH n ). There exists a subsequence 
{\Tfm k \} such that lim \Tf mk (g)\ = \Tf{g)\ almost everywhere g € HP. Since 

\\ T fm k \\ L i < ^2 I^J'I ll^ilL 1 - ^ H^llff*' 
3=1 

by Fatou's lemma we get 

\\ T f\\»<c\\f\\ Hl - 

This proves Lemma [THJ □ 
We are going to prove Theorem [2J 

Proof of Theorem® By the Calderon-Zygmund decomposition (cf. [2Q35]), given / G 
L 1 (E n ) and A > 0, we have the decomposition / = /i + /2 with /2 = bk, such that 



(i) < C A for almost everywhere g G HP; 

(ii) each bk is supported in a ball B^, / &fc(<7) dg < C \\Bf,\, and / 

J B h . Je 



h(g)dg = 0; 
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c 

(iii) {B k } is a finitely overlapping family and \Bk\ < -y ||/ 



Since it!^ is bounded on L 2 (H"), it is clear that 



(43) \{geM n : iRfmi >^}|<^||/ 1 |£ 2 < 
Let 5 fc = B(g k ,r k ). Set = B(g k ,2r k ) and f2 = Ufc-^fe- Tri en 

(44) |n|<c£l**l<y||/|Li- 

We only need to consider Rj J f2(g) for g G fi c . If > p(g k ), then p(/i) < C r k for any 
h £ B k . By Lemma El we get 



Rjb k (g)\dg < f [ \Rf(g,h)\\b k (h)\dhdg<C\\b k \\ 



L 1 ' 



If r k < p(g k ), then p(h) ~ p(s'fc) for any h € Since Rj(g) is a Calderon-Zygmund 
kernel, by Lemmas [5] and we obtain 

/ \Rfb k (g)\dg < [ \Rfb k (g)\dg+ [ \Rfb k (g)\dg 

Ag^^rk J2r k <\g- 1 g\<2p(g k ) J\g~ 1 g\>2p[g k ) 



< 



2r fc <| fi r- 1 p|<2p( 5 r fe ) J B k 



Rf(g,h)-Rj(g,h)\ \b k (h)\dhdg 



+ / \Rj(g,h) - Rj(g,g k )\\b k (h)\dhdg 

J2r k <\g k 1 g\<2p(g k ) J B k 

Rj(g,h) \ \b k (h)\ dhdg 



'ISfc 1 5l>2p(s fc ) JB k 

< C\\b k \\ L1 . 



In any case we have 



(45) Mh\\ LH(B * r) <C\\b k \\ Ll . 



Then 



/ |^/ 2 (5)|^<^||^fc|| xl(( ^ )c) <Cj2\h\\ L i <CA^|B fc |<C||/| 



L 1 ' 



Therefore 

(46) \{g€Q c : \Rff 2 (g)\ > ^ }| < y 

Theorem [2] follows from the combination of (|43|) , (j44p and (06]) . □ 

The proof of Theorem [3] is similar to the one in Theorem [TJ We will keep the notations 
used in former sections. As consequences of Lemmas [8] and [9J we have 
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Lemma 19. For every (k,a), 



|^j L (C(fc,a)/)|| L i ((B » fc Q))c) <C\\^ kta) f\\ Ll . 



Lemma 20. For every (k,a), 



Rj(€(k,a)f) - Rj(.£(k,a)f)\\ L i( B * ) < C \\£(k,a)f\\ L i 



Similar to Lemma [T71 we have 
Lemma 21. 

Yl \\ R j(t(k,a)f) ~ £(fe, a ) R jf\\ L i < C ||/|Li- 

(fc,a) 

Proof. Given (fc, a), we write 

Qj,(k,a),{k',a')fi9) = Rj(£(k,a)£(k>,a')f){9) ~ £(k,a)(g) Rj (£(k> , a >)f){g) 

= / f(h)^(k',a')(h)(C(k,a)(h) - €(k, a )(g))Rj(9,h)dh. 

•' B (h',o') 

Suppose (£/,«') 6 8(jt, a ) and /i 6 B(k', a ')- Then ~ 2 fe ' ~ 2 fe . By Lemma[8l 

|(C(fc,a)(^) -£(k,a)(g))Rf(g,h)\dg 

<2 f \Rf(g,h)\dg + C [ 2~ k ' \h~ l g\ \Rf (g , h) 

J|/ i - 1 g|>2 fe ' JB(h,2 k ') 

<C + C [ 2- k '\h- 1 g\\Rf(g,h)\dg. 



dg 



<B{h,2 k ') 

Using (fT2|) with I = 1, we get 

/ 2- fe '|/r 1 5 || J R J L ( 5 >)|^ 

JB(h,2 k ') 



- /_,. Ifc-1«IQ-1 + /_,. IJ,-1„IQ-1 ik-i„i, l„-l,„IQ-l I 9 



B(h,2 k ') Ih^gl®* 1 J B (h,2 k ') vl^" 1 ^ 0-1 JB(g,^i) |<rH Q 

£C W (WW „ ,,1^* 
JB(h,2k')\\h 1 g\ Q l J B { g ,^4 A ) \g V 

Note that p' (Q — 1) < Q as (?o > 2 • By the Holder inequality and the boundedness of 
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fractional integrals, we obtain 



f ( 1 f V(w) dw \ 

W') W 1 ^- 1 Jb {9 ,^) ir-^p-v 9 



<( f d A Y»\\ (f vHdw v° d y° 

<C2~ fc ' ( £ _1) ( [ V(g)%dg 

\JB(h,2 k '+ 1 ) 

< C2- k '^ f V(g) dg 

JB(h.2 k '+ 1 ) 



(47) < C, 



where we used the B Qo condition and Lemma [3] in the last two inequalities. The above 
three estimates yield 



\(Z(k,a)(h)-Z (k , a) (g))Rf(g,h)\ dg < C. 
Note that B(h^ a r\ C B{g^ k a y A\2 k ) when (k',a') G Q(k, a )- Hence, 
( 48 ) \\Qj,{k,a),(k', a ')f\\ L i ^ C |k(fc',a')/|Li ^ C '||/|Li(B( fl(kia) ,Ai2*))- 

Let (k',a r ) E ^(k,a) an d h € Ba,r >a ty We have = 0, p(/i) ~ 2 fc ' and | 1 c/ 1 

\9(k\ a/) 9(k,a)\ for g G B( fc , a ). By (JTJ), we get 

|(C(k,a)(k) -?(fc,a)(5'))^ L (fi',^)| d9 

Q (I 1 f V(w)dw 

f (fc , a) (l + l/i-^lp^)- 1 )' Vl^ _1 5l Q + l^^l^ 1 Jb( 9 ^) \g-M Q -' 



< ? ,11 + 



f V(w)dw \ 



(1 + 2- fc '| 5(fc ! ia/)5(M) |)' V b ( J, a0 3(fc,a)l Q 1 Jb{ 9 ,^) 

Similar to (|47p . by the Holder inequality, the boundedness of fractional integrals and the 
B q(j condition, we obtain 

1 f f V(w) dw , 

-dg 



<C\g^ al) g ih , a} \^ [ V(g)dg 



<C(l + 2- fc 'b ( -J iQ , )5(M) |)\ 
where we used Lemma [5] for the last inequality. Thus, 

/ | (£(*,«) CO - e (fc>a) (5))^ L (5, h)\dg< C(l + 2- fc '| 5 ^ a0 <7 (M) [)- ,+,1 : 
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and hence 

( 49 ) \\Qj,(k,a),(k',a')f\\ L i < C { 1 + 2_fe \9( k \a') 9(k,a)\) + * \ | C(fc',a') / 1 1 L i • 

We have 

(fc,a) (k,a) (fc',a') 

= E E +E E 

(fc,a) (fc',a')e9(t,o) ( fc >°0 (fe'>a')eS( fc]a ) 

(50) = Ji + J 2 . 
By (|48|) and Lemma [TBI we get 

(51) ^^C^H/II^^^^Cll/ll^. 

(fc,a) 

Taking I > l\ + I2, by (|4T)j) and Lemma [T4"l we get 

(52) J 2 < C ]T E (l + 2_fc 'l%L 9( fc , a )l) _W ° U(k',a')f\\ L i < CWfl 

(k,a) (fc',a')e2 (fc , a) 

Lemma [21] follows from the combination of (|50p , ()5ip and (|52[) . 
Now we give the proof of Theorem [3[ 

Proof of Theorem Assume first that 

2n 

ll/ILi + EK L /IL 1 < °°- 



Since 



|^(C(fc,a)/)|Li (B . ) 



< \\Rj(t(k,a)f) ~ R j(.£(k,a)f)\\ L i(B* (ka) ) + 1 1 ^(Ccfc.c) /) I Li (B5, a) ) 

< ||-Ri(f(A,o)/)--R7(f(A,o)/)|Li(B* ) + ||^ L (^(fc,a)/)|| L i ((B . fc ^ )c) 
+ \\Rj{£(k,a)f) - £(k,a) Rj f\\ L l + \\£[k,a) R f 

Lemmas [191 — I 211 give 



E II^(^)/)IL 1( b* < c (\\f\\ L i + W/LO- 
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Note that 



\\ R j(£(k,<x)f)\\ L l(B* ha) ) = \\Rj k+] te{k,a)f)\\ L i( B * h ^y 
\\Rf\Z(k,a)f)\\ L i = \\Rf\t(k,a)f)\\ L i( B * k ^y 
Since \\Rf\-) - B,f +3] (-)|| L i < C, we have 

\\ R f\£(k,a)f) - Rf +3 \£(k,a)f)\\ L i( B * k ) < C ||C(fc,a)/||iU 

which yields 



E II^W)/)!! 



L 1 



(fc,a) 



- E ll^(^(fc,Q!)/) ~~ -^f +3 \£(k,a)f)\\ L i( B * ) + E 1 1 "^i /)| 



(fc,o) 

(53) <C{\\f\\ Ll + \\Rff\\ Ll ). 

As pointed out in Remark [3l ([53]) implies that every £(& )Q! )/ is in /4(H n ) and allows the 
atomic decomposition 

C(fc,a)/ = E A i 



, (fc.a) (k,a) 



with 

2n 



^|Af' Q) | < c(\\^ k:Ct) f\\ Ll +J2\\Rf ] (^k,a)f)\\ L i\ 
i V 7=1 7 



Therefore we get 

/ = EE A ? 

(fc,a) i 

and 

(k,a) i j=l 

For the reverse inequality, by Theorem [2] and Lemma [T8l we have to check 
(54) H^HIl* ^ C 

for every ff^-atom a. Let a be an .ff^-atom supported on a ball B(go, r). Of course, we 
may assume that q < 2. Since is bounded on L q (W n ), 

\\ R HmB( 90 ,ir)) ^ \B(g ,2r)\7\\Rfa\\ Lq <C\B(g ,r)\V\\a\\ Lq <C. 
By the same argument as (|45p . we have 

\\ R f a \\L 1 (B(g ,2ry) - C \\ (1 \\l 1 - C ' 

This proves (j54|) . and the proof of Theorem [3] is finished. □ 
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Remark 6. It follows from Theorem [21 Lemma [18l and (|54p that the Riesz transforms 
Rf are bounded from H l L {W l ) to L l (W l ), and hence bounded from H l {W l ) to L 1 (]H n ). 

Finally we construct a counterexample which shows that the range of p ensuring the 
boundedness of the Riesz transforms PJ- can not be improved. The counterexample is 
similar to the one on R n given by Shen [18] . The main difference is the appearance of the 
function ip{g). Define the function ip(g) by 

This function was introduced in [8]. We simply remark that ip is homogeneous of degree 
zero and < if) < 1. 

Lemma 22. Let 1 < q < oo. If —Q < (3 < oo, then \g\^ip(g) belongs to B g class. 
Proof. Given a ball B(h,r) with \h\ < 2r, we have 

(m?^ I (\9\^(9)) q dgY < C (r~Q ! \gf«d 9 Y <Cr?. 
\\B(h,r)\ J B {h,r) ) \ JB(OAr) ) 

On the other hand, there exists /io = (xo,io) G B(h,^) such that |xo| 2 > jq. If g € 
B(ho, |), then |<7| ~ r and ip(g) ~ 1. Hence 

1 f , , fl 1 



\ B (h,r)\ J B (h,r) C JB(ha,l) C 

It follows that 



i 



(jmr^ f \9f^9)) q dg\ < —£—r [ \g\^(g)dg. 
\\B{h,r)\ J B {h,r) J \B{h,r)\ J B[Kr) 

In the case of \h\ > 2r, we have \g\ ~ \h\ when g G B(h,r). Note that P(g) = \g\ 2 ip(g) is 
a nonnegative polynomial of homogeneous degree two and satisfies 

C I 

max P(g) < — / P(g) dg for every ball B C H n . 
seB \B\ J B 

Therefore, 

(mUr^l I (\9\^(9)) q dg) q < C\hf~ 2 max Pfo) 

V|- B (' l i r )[ JB(h,r) ) g&B(h,r) 

1/3-2 f 1 



V|B(/i,r)[ J B{hyT) 

< c( 1 / \gfil>(j})dg 
\\B{h,r)\ J BM 

and Lemma [22] is proved. □ 
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Now we consider the nonnegative potential 

V(g) = \g\^{g), < /3 < 2. 
We look for a radial solution u(g) = f(\g\) of the equation 

(55) — Ah™u + \gf~ 2 vpu = 0. 
By the following facts (cf. [8]): 

(56) Ah»(|<7|) = and \Vm<\9\)\ 2 = i>(9) for \g\?0, 
it turns out that / must satisfy 

AM) + n^p/'dsl) - M^/dsl) = for \g\ + 0. 

It is easy to verify that 

\gf m 



V 



(*) = £ 



m ^ m!/? 2m r(^ + m + 1) 
is a radial solution of the equation (|55p . 

Let € C c °°(IH n ) such that (j> = 1 for | 5 | < 1. Set it = <pv. Then 

-A H n« + \g\ ~ 2 ifm = 7], 

where 77 = -2V H «v • Vh^ - vA M n(p £ C~(M n ). 

on --2- 
Given f < g x < Q, let /3 = 2 - f. By Lemma [22l = \g\ "i ip{g) G B q for any 

q < q 1 - If is bounded on L p (H n ) for p = p, where — = — — i, then 

\\^m n u\\ L P 1 = ||Vh"(-A h ™ + KTSILpi < C||(-Ah« + ^) _5 ?7|| i p 1 - 
It follows from © and © that 



Jm" \g h r 



\g-ih\Q-i ~ + 

Thus 

||Vh"w|| lPi < C||(-A H n + ^ / )~H|| L P 1 < o°- 
On the other hand, by (|56|) we have 

l-.fi. i --fi i 
|V H »«| ~ bl 9l V> 2 =M Pl, 2 , as 5^0. 

By the following formula about changing variables 

f(x,t)dxdt = [ f 2 [ f(r(cosd)^x',r 2 s\nd)(cos6) n - l r Q - 1 drd0dx\ 



52n-l J_| J 

where 5 2n_1 is the unit sphere in R 2n (cf. [3]), it is easy to see that Vh«« i Pl (HP). We 
have a contradiction. 
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7 Results for stratified groups 



In this section, we state results for stratified groups. We consistently use the same nota- 
tions and terminologies as those in Folland and Stein's book [JJ. 

Let G be a stratified group of dimension d with the Lie algebra g. This means that 
g is equipped with a family of dilations {5 r : r > 0} and g is a direct sum ©JLi Qj such 
that [flijflj] C Qi+j, Qi generates g, and 5 r (X) = r 3 X for X G Qj. Q = YljLijdj ls called 
the homogeneous dimension of G, where dj = dimg^. G is topologically identified with g 
via the exponential map exp : g t-t G and 5 r is also viewed as an automorphism of G. We 
fix a homogeneous norm of G, which satisfies the generalized triangle inequalities 

\xy\ < j(\x\ + \y\) for all x,y G G, 

\\xy\ — \x\\ < 7|y| for all x,y G G with |y| < — , 

where 7 > 1 is a constant. The ball of radius r centered at x is written by 

B(x,r) = {y G G : |x _1 y| < r}. 

The Haar measure on G is simply the Lebesgue measure on M. d under the identification of 
G with q and the identification of g with W d , where d = X]j=i 4r ^ ne measure of B(x, r) 
is 

\B(x,r)\ = br Q , 

where b is a constant. 

We identify g with g^, the Lie algebra of left-invariant vector fields on G. Let {Xj : 
j = 1, • • ■ , di} be a basis of gi. The sub-Laplacian Aq is defined by 

di 

i=i 

The theory of Hardy spaces on homogeneous groups was studied by Folland and Stein 
[7]. Christ and Geller [2] gave the Riesz transforms characterization of the Hardy space 
H 1 on stratified groups. The theory of local Hardy spaces on stratified groups can be 
established as in Section 4. In detail, we define the scaled local maximal functions M^/'s 
by 

M<f, t kf(x)= sup \f*4>r{y% M tkf( X )= SU P \f*4'r(x)\, 

\x~ 1 y\<r<2 k 0<r<2 k 

M mk f(x)= sup M^ k f(x), M+ k f(x)= sup M+f(x). 

\\4>\\( N )<i II4>II(jv)<i 

The scaled local Hardy space h p k {G) (p < 1) is defined by 

h p k (G) = {/ G y'(G) : M {Np) , k f G LP(G), N p = [Q(- - 1)] + 1} 
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with 

l|/Lj = \\ M (N P ),kf\\ LP - 

Then we have 

\\M mk f\\ LP ~ \\M^ k f\\ LP ~ \\M,, k f\\ LP ~ ||M+ fe /|| LP , 

where is a commutative approximate identity and N > N p is fixed. We have the atomic 
decomposition of hf k (G) as follows. Let 0<p<l<g< oo. A function a £ L q (G) is 
called an /i^-atom if the following conditions hold: 

(i) suppa C B(x ,r), 

(ii) ||a|| L , < \B(x ,r)\"', 

(iii) if r<2 fc ,then / a(x)x I dx = for d(I) < N p , 

JB(x ,r) 

where d(I) is the homogeneous degree of the monomial x 1 . Then / € h k (G) if and only 
if / can be written as / = ^ ■ Aj cij converging in the sense of distributions and in h^(G) 
norm, where cij are /i|' 9 -atoms and Ylj \^j\ p < 00 • Moreover, 




where the infimum is taken over all atomic decompositions of / into /i^-atoms. For p = 1, 
h\(G) is also characterized by the local Riesz transforms. Let 

flj =Xj(-A G )-3, J = l,---,di, 

be the Riesz transforms with the convolution kernel Rj(x). A function / G h\(G) if and 
only if / € ^(G) and ii^/ £ ^ 1 (G), j = 1, • • • ,di, where the local Riesz transforms 
are defined by Rf ] f = f * B,f ] and R.f ] (x) = C(2- k x)R j {x) with ( G C°°(G) satisfying 
< C( x ) < 1) C(^) = 1 f° r l x l < \i an< i C(^) = f° r 1^1 > 1- Moreover, 

ll/Li-ll/L + EPf/ILi- 

Let us consider the Schrodinger operator L = — Ag + V, where the potential V is 

nonnegative and belongs to the reverse Holder class Bq. We define the Hardy space 

2 

H^(G) associated with the Schrodinger operator L by the maximal function with respect 
to the semigroup {Tg : s > 0} = {e~ sL : s > 0}. A function / € L}(G) is said to be in 
H\(G) if the maximal function M L f belongs to L l {G), where M L f(x) = sup s>0 |T s L /(x)|. 
The norm of such a function is defined by ||/||^i = ||-^ L /||ii- The atomic decomposition 

of Hl(G) is as follows. Let 1 < q < 00. A function a G L q {G) is called an H^ q -dXom if 
the following conditions hold: 
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(i) suppa C B(x ,r), 

(ii) ||a|| L9 < |5(x ,r)|« _1 , 

(iii) if r < p(xq), then / a(x) dx = 0, 

JB(x ,r) 

where the auxiliary function p(x) = p(x, V) is defined as before; that is, 

p(x) = sup \r : / ^(y)dy<li, x £ G. 

Let / G L l (G) and 1 < g < oo. Then / € H\(G) if and only if / can be written as 
/ = J2j -\j a j> where aj are if^' 9 -atoms, ^) - |Aj| < oo, and the sum converges in H^(G) 
norm. Moreover, 



Hi ~inf | J^IAj-lj, 



where the infimum is taken over all atomic decompositions of / into .ff^-atoms. The 
Hardy space H^(G) is also characterized by the Riesz transforms Rj associated with the 
Schrodinger operator L. These Riesz transforms are defined by 

Rf = XjL-v, j = l,---,d 1 . 

Each Rf is bounded on W(G) for 1 < p < Q and bounded from L X (G) to L li0O (G). A 
function / G H\{G) if and only if / G L X (G) and Rff G L l {G), j = 1, • • • ,d x . Moreover, 

ll/Li~ll/Li + EIW/ILi- 

j'=i 

These results for the Hardy space H\ on stratified groups can be proved by the same 
argument as for the Heisenberg group. In fact, the estimates in Section 3 keep true for 
stratified groups. 



References 

[1] M. Bownik, Boundedness of operators on Hardy spaces via atomic decomposition, 
Proc. Amer. Math. Soc. 133 (2005), 3535-3542. 

[2] M. Christ and D. Geller, Singular integral characterizations of Hardy spaces on ho- 
mogeneous groups, Duke Math. J. 51 (1984), 547-598. 

[3] T. Coulhon, D. Miiller, and J. Zienkiewicz, About Riesz transform on the Heisenberg 
groups, Math. Ann. 305 (1996), 369-379. 

40 



[4] J. Dziubariski and J. Zienkiewicz, The Hardy space H 1 associated to Schrodinger 
operator with potential satisfying reverse Holder inequality, Rev. Mat. Iberoamericana 
15 (1999), 279-296. 

[5] C. Fefferman, The uncertainty principle, Bull. Amer. Math. Soc. (N.S.) 9 (1983), 
129-206. 

[6] G. B. Folland, A fundamental solution for a subelliptic operators, Bull. Amer. Math. 
Soc. 79 (1973), 373-376. 

[7] G. B. Folland and E. M. Stein, Hardy spaces on homogeneous groups, Princeton Univ. 
Press, Princeton, 1982. 

[8] N. Garofalo and E. Lanconelli, Frequency functions on the Heisenberg group, the un- 
certainty principle and unique continuation, Ann. Inst. Fourier (Grenoble) 40 (1990), 
313-356. 

[9] D. Goldberg, A local version of real Hardy spaces, Duke Math. J. 46 (1979), 27-42. 

[10] J. A. Goldstein, Semigroups of Linear Operators and Applications, Oxford Univ. 
Press, New York, 1985. 

[11] A. Hulanicki, The distribution of energy in the Brownian motion in the Gaussian field 
and analytic-hypoellipticity of certain subelliptic operators on the Heisenberg group, 
Studia Math. 56 (1976), 165-173. 

[12] D. Jerison and A. Sanchez-Calle, Estimates for the heat kernel for a sum of squares 
of vector fields, Indiana Univ. Math. J. 35 (1986), 835-854. 

[13] H. Li, Estimations L p des operateurs de Schrodinger sur les groupes nilpotents, J. 
Funct. Anal. 161 (1999), 152-218. 

[14] C.-C. Lin and H. Liu, BMOl^ 1 ) spaces and Carleson measures for Schrodinger 
operators, Adv. Math., accepted. 

[15] G. Lu, A Fefferman-Phong type inequality for degenerate vector fields and applica- 
tions, Panamer. Math. J. 6 (1996), 37-57. 

[16] Y. Meyer, M. H. Taibleson, and G. Weiss, Some functional analytic properties of the 
spaces B q generated by blocks, Indiana Univ. Math. J. 34 (1985), 493-515. 

[17] Z. Shen, On the Neumann problem for Schrodinger operators in Lipschitz domains, 
Indiana Univ. Math. J. 43 (1994), 143-176. 

[18] Z. Shen, L p estimates for Schrodinger operators with certain potentials, Ann. Inst. 
Fourier (Grenoble) 45 (1995), 513-546. 

[19] E. M. Stein, Harmonic Analysis: Real- Variable Methods, Orthogonality, and Oscilla- 
tory Integrals, Princeton Univ. Press, Princeton, 1993. 



41 



[20] J. Zhong, Harmonic analysis for some Schrodinger type operators, Ph.D. Thesis, 
Princeton University, 1993. 



Chin-Cheng Lin 
Department of Mathematics 
National Central University 
Chung-Li 320, Taiwan 
E-mail: clin@math.ncu.edu.tw 

Heping Liu 

LMAM, School of Mathematical Sciences 
Peking University 
Beijing 100871, China 
E-mail: hpliu@pku.edu.cn 

Yu Liu 

Department of Mathematics and Mechanics 
University of Science and Technology 
Beijing 100083, China 
E-mail: liuyu75@pku.org.cn 



42 



